We analyze the dynamics of a homogeneous and isotropic universe in the Einstein-Cartan theory of gravity. The coupling between the spin and torsion prevents gravitational singularities and replaces the big bang with a nonsingular big bounce, at which the universe transitions from contraction to expansion. We show that a closed universe exists only when the product of the scale factor and temperature is higher than a particular threshold, contrary to an open and flat universes which are not restricted. During inflation, this product must increase to another threshold, so that the universe could reach dark-energy acceleration.
The simplest mechanism generating a nonsingular big bounce and inflation, involving only one unknown parameter and no hypothetical fields, arises in the Einstein-Cartan (EC) theory of gravity [1] . EC is the simplest and most natural theory of gravity with torsion, with the Lagrangian density for the gravitational field proportional to the Ricci scalar, as in general relativity. The conservation law for the total (orbital plus spin) angular momentum of fermions in curved spacetime, consistent with the Dirac equation, requires that the antisymmetric part of the affine connection, the torsion tensor [2] , is not constrained to zero [3] . Instead, torsion is determined by the field equations obtained from varying the action with respect to the torsion tensor [4] [5] [6] . In EC, torsion is coupled to the spin of fermions. As a result, fermions must be spatially extended [7] . The multipole expansion of the conservation law for the spin tensor in EC gives a spin tensor which describes fermionic matter as a spin fluid (ideal fluid with spin) [8] . The effective energy density and pressure of a spin fluid are given bỹ
where ǫ and p are the thermodynamic energy density and pressure, n f is the number density of fermions, and α = κ( c) 2 /32 [9] . The negative corrections from the spin-torsion coupling in (1) generate gravitational repulsion which prevents the formation of gravitational singularities and replaces the big bang with a nonsingular big bounce, at which the universe transitions from contraction to expansion [10] . The exponential expansion of the universe with torsion and quantum particle production immediately after the big bounce [1] predicts the cosmic microwave background radiation parameters that are consistent with the Planck 2015 observations [11] , as was shown in [12] .
II. DYNAMICS OF SCALE FACTOR AND TEMPERATURE
If we assume that the universe is homogeneous, and isotropic, then it is described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric in the isotropic spherical coordinates [13] :
where a(t) is the scalar factor as a function of the cosmic time t, and k is 0 (flat universe), 1 (closed universe), or -1 (open universe). The Einstein field equations for this metric become the Friedmann equations:
where a dot denotes the derivative with respect to t and κ = 8πG/c 4 . Multiplying the first Friedmann equation by a and differentiating over time, and subtracting from it the second Friedmann equation multiplied byȧ gives an equation that has the form of the first law of thermodynamics for an adiabatic universe:
For EC, the Friedmann equations have the same form but the energy density and pressure are replaced byǫ andp [14] :
and
The spin fluid in the early universe is formed by an ultrarelativistic matter in kinetic equilibrium, for which ǫ = h ⋆ T 4 , p = ǫ/3, and n f = h nf T 3 , where T is the temperature of the universe,
B /( c) 3 [15] . For standard-model particles, g b = 29 and g f = 90. In the presence of spin and torsion, the first Friedmann equation is therefore [1, 16] 
The first law of thermodynamics (7) gives [1] 
which yieldsȧ
Remarkably, the last equation is the same as for the relativistic universe without spin and torsion.
III. ANALYSIS OF SOLUTIONS FOR A CLOSED UNIVERSE
Let us consider a closed relativistic universe. We define nondimensional quantities:
where
Henceforth, we will use the dot to denote the derivative with respect to the new time coordinate τ . Equation (8) can be written asẏ
Equation (10) can be integrated to
where C is a positive constant (since the scale factor and temperature are greater than 0). Substitution of this relation into equation (8) givesẏ
The big bounce and big crunch of a closed universe are turning points (there is no expansion or contraction at these points), so therefore they are determined by a conditionẏ = 0.
Using this relation, equation (18) can be resolved for a quadratic, in terms of y and C. The resulting quadratic equation for y 2 is
The solutions of this equation are:
At the big bounce, y = y − , and at the big crunch, y = y + . These turning points of a closed universe exist if the expression under the square root in equation (21) is positive or zero. In order for that expression to remain positive or zero, C must be greater or equal than 8/9. Consequently, an inequality
equivalent to
is a necessary condition for creating a closed universe in a region of space with the local values of a and T . If C = 8/9 then the turning points coincide, y − = y + , and the universe is stationary (no expansion or contraction) with the constant value of the scale factor of y = 32/27. Since the values of y and C are now both known, the corresponding constant value of x can be found using equation (17) to be √ 3/2. Such a stationary universe has a constant scale factor a = 32/27a cr and temperature T = ( √ 3/2)T cr . If C is greater than 8/9 then the universe has two turning points and both the big bounce and big crunch occur. The value ofẏ 2 is nonnegative in the range from y = y − to y = y + , so therefore the universe oscillates between y = y − and y = y + . If C > 8/9 then equation (18) can be rearranged to give
In the limit C ≫ 1, using the formula (1 − x) n ≈ 1 + nx for |x| ≪ 1 gives
Accordingly, y − ≈ 2/3C and y + ≈ √ 3C 2 . The absolute minimum value for y among all possible values of C can be determined from a condition dy 2 − /dC = 0, giving
For this value of C, the nondimensionalized minimum scale factor and the corresponding maximum temperature are
Accordingly, the constant a cr is equal to the least possible value of the scale factor of a closed universe in EC. A closed universe with spin and torsion is nonsingular (y ≥ 1 and thus y > 0).
The squared values of y min , y max , x min , and x max for different values of C are shown in Table I . The greatest possible value of the temperature in a closed universe in EC is 3/2T cr . When C is much greater than 1, the universe can expand by a factor of 9C 2 /2 and its temperature can decrease by the same factor, reaching the value at which the transition from the radiation (relativistic) domination to the matter (nonrelativistic) domination occurs. These results show that a necessary condition for the creation of an expanding universe in a given volume of space is
for all points in that volume. For all allowed values of C, a closed universe in nonsingular.
IV. ANALYSIS OF SOLUTIONS FOR A FLAT AND AN OPEN UNIVERSE
For a flat relativistic universe, equation (18) becomeṡ
The corresponding quadratic equation for y 2 at the turning points is
The physical solution of this equation is
which is the minimum value of the nondimensionalized scale factor. This value is equal to the nondimensionalized scale factor at a bounce for the case of a closed universe in the limit C ≫ 1. Consequently, a flat universe in EC is also nonsingular, since C is positive. Since a flat universe has only one turning point (at a bounce), it expands to infinity. Contrary to a closed universe, there are no further restrictions on the value of C. For an open relativistic universe, equation (18) becomeṡ
with y > 0. This solution is the minimum value of the nondimensionalized scale factor. As for a flat universe, an open universe is also nonsingular and has only one turning point (at a bounce), so it expands to infinity. There are no further restrictions on the value of C.
V. ANALYSIS WITH COSMOLOGICAL CONSTANT
A flat and an open universe expand to infinity. Without further considerations, a closed expanding universe has two turning points (provided that C > 8/9) and therefore it reaches the maximum value of the scale factor, after which it contracts. To avoid the big crunch and the subsequent contraction, another term in the first Friedmann equation is needed that can cause the acceleration of a late universe. The simplest term is given by a cosmological constant, which enters the first Friedmann equation (for relativistic matter) according tȯ
where λ > 0 is the nondimensionalized cosmological constant:
This small value results from the small cosmological constant Λ = 1.1 × 10 −52 m −2 . For a late universe, where the values of y are large, the y −4 component of this equation can be ignored, reducing this equation toẏ
Lettingẏ = 0 to find the turning points, the equation can then be rewritten as the quadratic given below:
where z = y 2 . Solving the quadratic shows that in order for no turning point to exist (in a late universe), λ must be greater than 1/(12C 4 ). This condition can also be written as
A closed universe expands to infinity if the cosmological constant is sufficiently high. Such expansion is asymptotically exponential:ẏ 2 ≈ λy 2 in a late universe gives y ∼ exp( √ λτ ). According to the results of Section III and the condition (28), a closed universe forms in a given region of space when the local value of C is equal to 8/9. When C > 8/9, the universe expands. To expand to infinity, the universe must have a mechanism to increase the value of C from 8/9 to (12λ) −1/4 . If (12λ) −1/4 < 8/9, then the universe expands to infinity regardless. A natural and physical mechanism for the growth of C is provided by quantum particle-pair production in strong gravitational fields [17] . This mechanism also generates a brief period of exponential expansion of a very early universe [1] , thus naturally deriving inflation [18] . This analysis would be valid for a relativistic universe. However, a relativistic universe transitions from the radiationdominated era to the matter-dominated era and becomes nonrelativistic. Equation (37) becomeṡ
where B is a positive constant. This transition occurs when
and at temperature T eq = 8.8 × 10 3 K. Using (11) and (17), we obtain
A nonrelativistic universe expands to infinity if the cosmological constant is sufficiently high. Turning points of equation (40) are given by a cubic equation
This equation has no real positive solutions if [5] B > 2 3 √ 3λ .
Consequently, (42) gives the following condition for the absence of turning points in a late universe:
1/3 1 x eq = 1.9 × 10 48 .
If this condition is satisfied, the universe expands to infinity. Numerical analysis of generic gravitational collapse in general relativity shows that each spatial point in the interior of a black hole locally evolves toward the singularity as an independent, spatially homogeneous, closed universe [19] . In EC, this evolution does not reach a singularity, but instead undergoes a nonsingular bounce after which such a universe expands [1] . Accordingly, if our Universe is closed, its contraction before the big bounce could correspond to gravitational collapse of matter inside a newly formed black hole existing in another universe [20] . In this scenario, the formation of our Universe corresponds to the moment when the quantity C, representing the product of the scale factor and temperature, begins to satisfy the inequality (28) in a given volume of space. During inflation, this quantity increases because of quantum particle-pair production in strong gravitational fields, and must reach the threshold (46) so that the Universe could start the observed current acceleration.
